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Abstract. Cycle prefix digraphs have been proposed as an efficient model 
of symmetric interconnection networks for parallel architecture. It has been 
discovered that the cycle prefix networks have many attractive 
communication properties. In this paper, we determine the automorphism 
group of the cycle prefix digraphs. We show that the automorphism group of 
a cycle prefix digraph is isomorphic to the symmetric group on its underlying 
alphabet.  Our method can be applied to other classes of graphs built on 
alphabets including the hypercube, the Kautz graph,and the de Bruijn graph. 
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1 Introduction 
 
The cycle prefix digraphs )(D
∆
Γ ,or the cycle prefix networks, have been 
recently proposed as model of symmetric interconnection networks with a large 
number of vertices and small diameter [5]. It has been discovered that such 
networks possess a number of attractive properties for efficient communication in 
parallel computing. The main advantage of using a symmetric network is that 
each processor sees the network communication the same as any other 
processor in the network [1]. This implies that all the processors can essentially 
execute the same communication program. For this reason, a symmetric network 
is sometimes called a homogeneous network. Beyond the vertex symmetry 
property of a digraph, the automorphism group actually provides a complete 
picture of the symmetries of the digraph. An important characterization of 
symmetric digraphs is due to Sabidussi which states that a digraph is vertex 
symmetric if and only if it can be represented by a Cayley coset digraph [9]. This 
characterization leads to the discovery of the cycle prefix digraph 
)(D
∆
Γ   ( D≥∆ ), and the reader is referred to [5] for the Cayley coset digraph 
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definition of )(D
∆
Γ .  However, in the present paper, we shall use the 
representation of )(D
∆
Γ in terms of sequences, analogous to the representations 
of hypercubes, the de Bruijn graphs and the Kautz graphs. 
 
     Throughout this paper, we assume that D≥∆ . The sequence definition of 
)(D
∆
Γ  goes as follows. A vertex of )(D
∆
Γ  is represented by a partial 
permutation 
D
xxx K
21
 on 1,,2,1 +∆K , which is a sequence of distinct 
elements. A partial permutation of D  elements is also called a D -permutation. 
Since the adjacency in a digraph could be ambiguous if one does not specify the 
direction, if ),( vu  is an arc in a digraph, we shall say that u  is adjacent to v , 
whereas v  is next to u . The adjacency relation of )(D
∆
Γ  can be described as 
follows: 
 
                   



⇒
−
−
,
,
121
11
21
D
Dkk
D
xxmx
xxxx
xxx
K
KK
K    
if
if
.21
,,,
;2
D
xxxm
Dk
K≠
≤≤
 
 
We say that 
Dkk
xxxx KK
11 −
 is next to 
D
xxx K
21
 via a rotation operation for 
Dk ≤≤2 , and 
121 −D
xxmx K  is said to be next 
D
xxx K
21
 via a shift operation 
for 
.21
,,,
D
xxxm K≠ .  In particular, if Dk = , the vertex 
121 −DD
xxxx K  is said to 
be next to 
D
xxx K
21
 via a full rotation. Moreover, we shall use the following 
notation: 
 
                    
DkkDk
xxxxxxxR KKK
1121
)(
−
=      Dkfor ≤≤2 ; 
 
                    
12121
)(
−
=
DDm
xxmxxxxR KK           
.21
,,,
D
xxxmfor K≠  
 
In this paper, we will discuss the general case ),( rD −Γ
∆
, 0≥r , in which the 
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adjacency relation is defined as: 
 
                   



⇒
−
−
,
,
121
11
21
D
Dkk
D
xxmx
xxxx
xxx
K
KK
K    
if
if
.21
,,,
;2
D
xxxm
Dkr
K≠
≤≤+
 
 
Note that )(D
∆
Γ  is a special case of ),( rD −Γ
∆
) for 0=r . 
     From the above sequence representation, one sees that ),( rD −Γ
∆
 is vertex 
symmetric [5]: Given any two vertices 
D
xxxX K
21
=  and 
D
yyyY K
21
= ,one 
can always find a permutation pi  on 1,,2,1 +∆K  such that 
ii
yx =)(pi . Clearly, 
such a permutation pi  induces an automorphism of ),( rD −Γ
∆
 because it simply 
relabels the underlying alphabet of ),( rD −Γ
∆
.  It is easy to see that every vertex 
in ),( rD −Γ
∆
 has both indegree and outdegree r−∆ , and the digraph has 
)2()1()1( +−∆∆+∆=+∆ D
D
L  vertices. Moreover, ),( rD −Γ
∆
 has diameter 
rD +  [3] and many other nice properties including Hamiltonicity, high 
connectivity, small wide diameter, and regular reachability [2,3,4,5,7,6,8]. 
     The main concern of this paper is with the automorphism group of ),( rD −Γ
∆
. 
We shall show that the automorphism group of ),( rD −Γ
∆
 is isomorphic to the 
symmetric group on its underlying set 1,,2,1 +∆K . Our approach to determine 
the automorphism group of the cycle prefix digraphs may be employed to 
characterize the automorphism group of other classes of networks,such as the 
hypercube, the Kautz graph and the de Bruijn graph. 
 
2 The Automorphism Group of ),( rD −Γ
∆
 
 
     Given a digraph ),( EVG = , an automorphism of G  is a permutation pi  on 
V  such that Evu ∈),(  if and only if Evu ∈))(),(( pipi . All the automorphisms of 
G  form the automorphism group of G . We say that G  is symmetric or vertex 
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transitive if every vertex of G  looks the same - strictly speaking, for any two 
vertices u  and v  there exists an automorphism pi  of G  such that vu =)(pi . 
The main result of this paper is to determine the automorphism group of the 
cycle prefix digraph ),( rD −Γ
∆
.  Namely, we will prove the following: 
 
Theorem 2.1.  For 2+≥≥∆ rD , the automorphism group of ),( rD −Γ
∆
 is 
isomorphic to the symmetric group 
1+∆
S  on the underlying set }1,,2,1{ +∆K . 
 
     We establish a few lemmas. 
 
Lemma 2.2. Let α  be an automorphism of ),( rD −Γ
∆
and u , v  two vertices in 
),( rD −Γ
∆
. If v  is next to u  via a shift operation then )(vα  is next to )(vα  via a 
shift operation as well. 
 
Proof:  Since ),( rD −Γ
∆
is vertex symmetric, without loss of generality we may 
assume that Du K12=   and )1(12 −= Div K , where i  is an integer satisfying 
1+∆≤< iD .  Let 
D
wwwD KK
21
)12( =α  and let 
D
yyyDi KK
21
))1(12( =−α .  Since )1(12 −Di K  is next to DK12  in )(D
∆
Γ  
and α  is an automorphism, 
D
yyy K
21
  is next 
D
www K
21
 in )(D
∆
Γ .  Note that 
the distance from )1(12 −Di K  to DK12  is at least D  because D  does not 
appear in )1(12 −Di K  and either a rotation or shift operation can move an 
element in a sequence at most one step forward (from left to right).   Assume that 
D
yyy K
21
 is next to
D
www K
21
 via a rotation operation, say, 
k
R  for some 
Dk <≤2 , that is,  )(
2121 DkD
wwwRyyy KK = .  Then it is clear that 
DD
k
k
wwwwwwR KK
2121
)( = .  It follows that 
DD
k
k
wwwyyyR KK
2121
1 )( =− .  
Therefore, the distance from 
D
yyy K
21
 to 
D
www K
21
 is at most 1−k .  Since 
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an automorphism preserves distance, α  be an automorphism must be next to 
D
www K
21
 via a shift operation.                                                                           
     Since the adjacency of two vertices in ),( rD −Γ
∆
 is realized either by a 
rotation or shift operation, Lemma 2.2 is equivalent to the statement that if v  is 
next to u  via a rotation operation, then )(vα  is next to )(vα  via a 
rotation operation as well. 
 
Lemma 2.3. Let α  be an automorphism and 
D
xxx K
21
, 
D
yyy K
21
 be two 
vertices of  ),( rD −Γ
∆
such that )(
2121 DD
xxxyyy KK α= . Let 
m
S   be a shift 
operation with },,,{\}1,,2,1{
21 D
xxxm LL +∆∈ .  If 
i
x , Di ≤≤1 , appears in 
)(
21 Dm
xxxS K , then 
i
y  must appear in ))((
21 Dm
xxxS Kα  at the same position 
as 
i
x  in )(
21 Dm
xxxS K . 
 
Proof. Since )(
2121 DD
xxxyyy KK α= , by Lemma 2.2 we have 
12121
))((
−
=
DDm
yytyxxxS KKα  for some t . Clearly, 
i
x  and 
i
y  are at the 
same position for Di ≤≤1 .                                                                                   
 
Lemma 2.4. Let α  be an automorphism and 
D
xxx K
21
, 
D
yyy K
21
 be two 
vertices of  ),( rD −Γ
∆
such that )(
2121 DD
xxxyyy KK α= .. Let 
k
R , 
Dkr ≤≤+ 2 , be a rotation operation. If 
i
x , Di ≤≤1 , appears in 
)(
21 Dk
xxxR K , then 
i
y  must appear in ))((
21 Dk
xxxR Kα  at the same position 
as 
i
x  in )(
21 Dk
xxxR K . 
 
Proof. Let  
                       
DkkkDkD
xxxxxxxxRwww KKKK
1112121
)(
+−
==                    
(2.1) 
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From Lemma 2.2, it follows that )(
21 D
www Kα  is next to )(
21 D
xxx Kα  via a 
rotation operation,say,  
 
)())(()(
212121 DjDjD yyyRxxxRwww KKK == αα , 
 
where Djr ≤≤+ 2 . Since 
DkkkDk
xxxxxxxxR KKK
11121
)(
+−
= , it takes at 
least 1−k  steps to move 
k
x  from the first position to the k th position. Hence 
the distance from )(
21 Dk
xxxR K  to 
D
xxx K
21
 is at least 1−k . On the other 
hand, we have 
DDk
k
k
xxxxxxRR KK
2121
1 ))(( =− . Thus, the distance from 
)(
21 Dk
xxxR K  to 
D
xxx K
21
 is exactly 1−k . Similarly,the distance from 
)()(
2121 DjD yyyRwww KK =α  is 1−j . Since an automorphism preserves 
distance,we have jk = . Therefore, we have 
 
                 
DkkkDkD
yyyyyyyyRwww KKKK
1112121
)()(
+−
==α                 (2.2) 
 
We now reach the claim by comparing (2.1) with (2.2). 
 
     We may illustrate Lemmas 2.3 and 2.4 by the following diagram: 
 
                           
KKK
KKK
i
RorS
D
i
RorS
D
yyyy
xxxx
→
↓↓
→
21
21
αα
              )3.2(  
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Lemma 2.5. Let α  be an automorphism of  ),( rD −Γ
∆
.  Then there exists a 
permutation 
121 +∆
= wwww K  on the underlying set }1,,2,1{ +∆L  of 
),( rD −Γ
∆
such that 
                                              
D
wwwD KK
21
)12( =α ,                                  (2.4) 
                                       
121
)112(
−
=−
Di
wwwwDi KKα                              (2.5) 
for 1,,2,1 +∆++= KDDi . 
 
Proof.  We choose 
D
www K
21
 as the image of DK12  under the action of α .  
For 1+∆≤≤ iD , since )1(12 −Di K  is next to DK12 via a shift operation, 
then ))1(12( −Di Kα is next to 
D
wwwD KK
21
)12( =α  via a shift operation as 
signified in (2.5). Since α  is a one-to-one map on the vertices of ),( rD −Γ
∆
, the 
elements 
11
,,
+∆+
ww
D
K  are distinct to each other as well as to 
D
www ,,,
21
K . It 
follows that the above chosen sequence w  is a permutation on }1,,2,1{ +∆L .	 
 
     We call the permutation w   constructed from the automorphism α  in the 
above lemma the derived permutation of α . Our goal is to show that the 
automorphism α  is uniquely determined by its derived permutation. For 
convenience, we also write 
i
w  as )(iw .  Let us illustrate the above lemma by the 
following diagram 
                          
12121
)1(1212
−
→
↓↓
−→
Di
S
D
S
wwwwwww
DiD
iw
i
KK
KK
αα
   )6.2(  
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Definition 2.6.  Let α  be an automorphism of ),( rD −Γ
∆
 and 
121 +∆
= wwww K   
a permutation on }1,,2,1{ +∆L . Given a vertex 
D
xxx K
21
 in ),( rD −Γ
∆
, we 
say that α  and w  are compatible for 
D
xxx K
21
 if α  and w  have the same 
image of 
D
xxx K
21
, namely, 
                                  )()()()(
2121 DD
xwxwxwxxx KK =α  .                            (2.7) 
 
Lemma 2.7. Let α be an automorphism of ),( rD −Γ
∆
and 
121
,,,
+∆
= wwww K  be 
its derived permutation. Suppose α  and w  are compatible for a vertex 
D
xxx K
21
.  If 
D
yyy K
21
 is next to 
D
xxx K
21
 via a rotation operation, then α  
and w  are compatible for 
D
yyy K
21
 as well. 
 
Proof. Suppose )()()()(
2121 DD
xwxwxwxxx KK =α  and 
)(
2121 DkD
xxxRyyy KK = , Djr ≤≤+ 2 . By Lemma 2.4, we have the 
following diagram: 
 
          
))()()(()()()(
)(
2121
2121
Dk
R
D
Dk
R
D
xwxwxwRxwxwxw
xxxRxxx
k
k
KK
KK
→
↓↓
→
αα
           )8.2(  
 
That is, )()()()(
2121 DD
ywywywyyy KK =α as desired.                                	 
 
Lemma 2.8.  Let α be an automorphism of ),( rD −Γ
∆
, ,2+≥≥∆ rD  and 
121 +∆
= wwww K  be its derived permutation. Suppose α  and w  are compatible 
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for a vertex 
D
xxx K
21
.   If 
D
yyy K
21
 is next to 
D
xxx K
21
 via a shift operation, 
then α  and w  are compatible for  
D
yyy K
21
 as well. 
 
Proof. From the given condition, we may write 
D
yyy K
21
 as 
121 −D
xxix K , 
},,,{
.21 D
xxxi L∉ . Suppose )()()()(
2121 DD
xwxwxwxxx KK =α .  By Lemma 
2.3, we have the following diagram: 
 
              
)()()()()()(
12121
12121
−
−
→
↓↓
→
D
S
D
D
S
D
xwxwxjwxwxwxw
xxixxxx
j
i
KK
KK
αα
            
. 
     It remains to show that )(iwj = . For convenience, we say that a path 
contains i  if i  is contained in every vertex in the path. There are two cases: 
 
     Case 1. Di > .  By Lemma 2.3, 2.4 and 2.5, if we can find a path from 
121 −D
xxix K  to )1(12 −Di K  that contains i , then we can get the following 
diagram: 
      .
)1()1()()()()()(
)1(12
111
12121
−→→
↓↓↓
−→→
−
−
Dwwiwxwxjwxwxw
Dixxixxxx
D
S
D
D
S
D
j
i
KKK
KKK
K
K
ααα
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     From this diagram, we obtain )(iwj = . Now we show that there is a path 
from 
121 −D
xxix K  to )1(12 −Di K  that contains i .  In fact, if 
},,,{1
121 −
∈−
D
xxxD L , say 1−= Dx j , then 1111)1( −+−− Djj xxxixD KK  is 
next to 
121 −D
xxix K  via a rotation operation. If  },,,{1
121 −
∉−
D
xxxD L , then 
221
)1(
−
−
D
xxixD K  is next to 
121 −D
xxix K  via a shift operation. Step by 
step,finally we can get the following path: 
 
                 LLLK →−−→−→
−
iDDiDxxix
D
)1)(2()1(
121
 
                                                        )1(12)1(12 −→− DiiD KK                     (2.9) 
 
which is a path 
121 −D
xxix K  to )1(12 −Di K  that contains i . 
     Case 2. Di ≤ .   Analogous to the above case, if we can find a path from 
121 −D
xxix K  to )1(12 −Di K  that contains i , then we have the following 
Diagram 
 
       
)()()1()()()()(
12
111
12121
Dwiwwxwxjwxwxw
Dixxixxxx
D
S
D
D
S
D
j
i
KKKK
KKKK
K
K
→→
↓↓↓
→→
−
−
ααα
. 
 
Similar to Case 1, we may find a path from 
121 −D
xxix K  to DiKK12  that 
contains i . 
 
     Combining the above two cases, Lemma 2.8 is proved.                                   
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     We are now ready to prove Theorem 2.1. 
 
Proof of Theorem 2.1.   Since each permutation w  on }1,,2,1{ +∆L  induces an 
automorphism α  of ),( rD −Γ
∆
 with w  being the derived permutation of α , we 
only need to show that any automorphism α of ),( rD −Γ
∆
 is uniquely determined 
by its derived permutation. Let α  be an automorphism of ),( rD −Γ
∆
 with derived 
permutation 
121
,,,
+∆
= wwww K . We aim to show that α  and w  are compatible 
for any vertex 
D
xxx K
21
 of ),( rD −Γ
∆
, that is, 
 
                                           )()()()(
2121 DD
xwxwxwxxx KK =α .                      (2.10)           
 
Our strategy for proving (2.10) is as follows. By definition, it holds for the initial 
vertex DK12 .  Assuming that it holds for a a vertex 
D
xxx K
21
, if we can show 
that it also holds for any vertex 
D
yyy K
21
 next to 
D
xxx K
21
, then (2.10) must 
be true for any vertex because ),( rD −Γ
∆
 is strongly connected. 
 
     Let us assume that 
D
xxx K
21
 satisfies (2.10).  Suppose 
D
yyy K
21
 is a 
vertex next to 
D
xxx K
21
.  If 
D
yyy K
21
 is next to 
D
xxx K
21
 via a rotation 
operation, from Lemma 2.7 it follows that (2.10) holds for 
D
yyy K
21
.  When 
D
yyy K
21
 is next to 
D
xxx K
21
 via a shift operation, from Lemma 2.8 it follows 
that (2.10) also holds for 
D
yyy K
21
. Noting that different derived permutations 
lead to different automorphisms, this completes the proof. 
 
     Let us examine some special cases of the above theorem. Let 1+∆=n . 
When D=∆ , )(D
∆
Γ  turns out to be the Cayley graph on the symmetric group 
n
S  with generators )12( , )123( , …, )12( nK . In this case, it is much easier to 
see that the automorphism group is 
n
S  because no shift operation is involved. 
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The simplest nontrivial case is for 2=D . Note that )(D
∆
Γ  is the Kautz graph 
)2,(∆K .   It is known that the automorphism group of the Kautz graph ),( DK ∆  
is isomorphic to the symmetric group on the alphabet }1,,2,1{ +∆L  (see [10]). 
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